Featured Application: This paper proposed a finite difference method that can model the interfacial slip of FRP-concrete hybrid beam (FCHB). This method was used to evaluate the interfacial slip and deflection of FCHB using different shear connections.
Introduction
High strength-to-weight ratio and durability under corrosive chemical conditions have made fiber-reinforced polymer (FRP) composite materials an attractive solution to bridge members [1] [2] [3] . In the last two decades, there has been an increasing interest in using FRP composites to repair and
Construction of Governing Equation
Assuming that (a) only shear connectors provide composite action between the FRP and concrete components; (b) the concrete slab and FRP profile can be simplified as two components discontinuously joined (see Figure 1 ), the longitudinal shear flow across the interface is transferred at a discrete number of points by the action of the shear connectors; and (c) there is no separation along the normal direction of the interface, the interfacial shear force flow can be obtained as
where v(x) is the distributed interfacial shear force, n is the connector number of the connector in the lateral direction, Q(s) is load-slip relationship per connector, and p is the longitudinal space between connectors. 
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where ( ) and ( ) are the shear force carried by concrete and FRP, respectively, ( ) is the sectional shear force.
( ) and ( ) are flexural moment carried by concrete and FRP, respectively; ℎ is the distance from the bottom of concrete to its neutral axis; ℎ is the distance from the top of FRP to its neutral axis, and ( ) is distributed normal force along FRP-concrete interface. Considering assumption (v), the curvature compatibility between the concrete and FRP gives 
where is the elastic modulus of FRP; is moment inertia of FRP; is the elastic modulus of concrete;
is moment inertia of concrete, and is the curvature of the beam. FRP-concrete hybrid beams/decks are modeled elastically since FRP materials are inherent linear elastic and the concrete stays at a low stress level before the failure of FRP webs. For a simply supported beam, equilibrium of the finite length dx (Figure 1 ) in the horizontal direction gives
where F NC (x) and F NF (x) are the axial force in concrete and FRP, respectively. Equilibriums in the vertical direction of the shear force and moment give
where V c (x) and V F (x) are the shear force carried by concrete and FRP, respectively, V(x) is the sectional shear force. M c (x) and M F (x) are flexural moment carried by concrete and FRP, respectively; h c is the distance from the bottom of concrete to its neutral axis; h F is the distance from the top of FRP to its neutral axis, and r(x) is distributed normal force along FRP-concrete interface. Considering assumption (v), the curvature compatibility between the concrete and FRP gives
where E Fx is the elastic modulus of FRP; I Fx is moment inertia of FRP; E c is the elastic modulus of concrete; I c is moment inertia of concrete, and φ is the curvature of the beam. FRP-concrete hybrid beams/decks are modeled elastically since FRP materials are inherent linear elastic and the concrete stays at a low stress level before the failure of FRP webs. The orthotropic mechanical properties of the FRP composite material are the same in the web and flanges, however, in this study, the longitudinal modulus of FRP is employed to compute the sectional rigidity. Therefore, strains of concrete ε c (x, y) and FRP ε c (x, y) are calculated from the moment and axial force as
where y is the vertical coordinate that has an original point at FRP-concrete interface and has a direction upward. Equations (7) and (8) give the strains at the interface respectively as
where A C and A F are the area of concrete and FRP, respectively. The relative strain difference caused by the slip at the interface ε slip (x) is calculated as
Also, the relative slip strain at the interface is calculated by differentiating the slip
Substituting Equations (7)- (11) to (12) , the difference of the slip would be
Solving Equations (6) and (13) yields
Derivation with respect to x in Equation (13) and then using Equation (14) gives the differential equation as:
where
The boundary conditions are given by symmetricity at mid-span as
And at the supports
Since Q(s) is usually a nonlinear function, so the analytical solution is needed to solve Equation (15) . 
Numerical Solution of the Governing Equation Using FDM
For similarity, Equation (15) is rewritten as
where m = . And for one-point loading, V(x) = P/2. The central difference approximations for Equation (18) 
where h is the discretization step, which is given by h = L/N, L is the bond length of the composite-substrate interface and N is the number of discretization. The step h between consecutive points x i , i = 0, 1, 2, . . . , N, was selected with N as the largest integer above which no gain in accuracy could be detected. Substituting Equation (19) into Equation (18) yields to
Rearranging Equation (12) gives
Boundary conditions Equations (16) and (17) give
However, s −1 is not in the domain thereby creating a difficulty. The solution is to extend the original domain from [0, Nh] to [−1, Nh]. Therefore, the nonlinear system in Equation (13) becomes
Since Q(s i ) results in nonlinearity of Equation (23), the system of equations cannot be solved using Gaussian elimination or any special linear system. Hence, Equation (23) was solved by the system of equations with the Newton-Raphson iteration technique as follows:
where {s i } j and {s i } j+1 are the slip at the j-th and j+1-th iteration, respectively, J −1 (s) is the inverse of the Jacobian matrix for this system, and f i (s i ) is the first member of Equation (23) at point i.
The convergence of the system was defined according to:
Validation of Numerical Models Against Analytical Solution
In this section, the results of FDM will be compared with the existing results given in the literature. In previous research, when only the linear part of the load-slip curve is considered in analysis procedures, the theory can be based on a constant slip modulus, K. Therefore, Q(s) = Ks can be used for Equation (15) , by doing so one has
Solving Equation (26) gives
Given the initial design of a FCHB as inputs: concrete width by height b c * h c = 400 mm × 250 mm, FRP height h F = 750 mm, FRP width b F = 200 mm, FRP flange thickness t Flg = 10 mm, FRP web thickness t web = 20 mm, longitudinal space of steel bolts p = 400 mm, slip modulus of connectors K = 6 kN/mm, length of FCHB, L =10 m, longitudinal modulus of FCHB, E Fx = 12.5 GPa, Young's modulus of concrete E c = 30 GPa, and load at the mid-span P = 500 kN. Figure 2 shows the results of slip distribution along the longitudinal direction given by FDM and analytical solutions given by Equation (27) , respectively. Good agreement can be obtained by FDM. Figure 3 and Table 1 show the relationship between the error of FDM and the numbers of elements in half span. It can be clearly seen that the error decreases with the increasing of the element number. When the element number is 40, the error at quarter beam is less than 1%. Figure 2 shows the results of slip distribution along the longitudinal direction given by FDM and analytical solutions given by Equation (27) , respectively. Good agreement can be obtained by FDM. Figure 3 and Table 1 show the relationship between the error of FDM and the numbers of elements in half span. It can be clearly seen that the error decreases with the increasing of the element number. When the element number is 40, the error at quarter beam is less than 1%. 
Load-slip Models for Connection of FRP-concrete Hybrid Beams/Decks
In this section, the choice of Q(s) models were made based on some formulas found in literatures [13] [14] [15] . The formulas have been given by the authors of this paper in previous literatures, which are presented in Table 2 and Figure 4 . Table 2 . Alternative load-slip models (s in unit of mm).
Name

Model Type Formula Equation Parameters
Model_1 Linear Q(s) = Ks Table 5 in Reference [15] and is also shown in Table 2 Model_1~3 are based on linear load-slip relationship and different values of K given by Table 2 in Reference [13] . Model_1 and Model_2 reflect the average slip modulus of normal and high strength steel bolts, respectively. Model_3 uses the value of K for perforated FRP ribs.
Model_4~6 are based on nonlinear load-slip relationship given by Figure 11 in Reference [15] and can be seen in Figure 4 below. Model_5 is for the interface between FRP and normal concrete, and it consists of three parts: the compacting stage (0~0.2Q u ); the hardening stage (0.2Q u~0 .8Q u ), and the softening stage (0.8Q u~Qu ). The compacting stage is caused by packing the initial clearance between the bolt and the predrilled hole as well as the torsion of the bolts. In the hardening stage, the shear resistance is provided by the elastic flexure and shear deformation of the bolt. Finally, in the softening stage, the large deformation of the bolts and the local FRP around the hole provide the shear resistance.
Model_6 is for the high strength bolted connection between FRP and ultra-high performance concrete (UHPC) also consists of three parts, but they appear in a different pattern: the hardening stage (0~0.2Q u ) is first, followed by the compacting stage (0.2Q u~0 .8Q u ), and finally the softening stage (0.8Q u~Qu ).
Herein, according to the experimental data in Table 5 in Reference [15] and is also shown in Table 2 of this paper. The average load per bolts of ordinary strength bolts in the normal concrete is 28.5 kN. And the average loads of the high strength bolts in the normal strength concrete and the high strength bolts in UHPC are 40.8 kN and 52.3 kN, respectively. Figure 5a shows that the Model_3 has a very small slip level (less than 0.1 mm at the load of 500 kN), which shows that almost full composite action has been obtained, which indicates that this type of connection is suitable for FCHB system. Also, Model_1 leads to almost 50% larger slip than Model_2 which means that the interfacial slip is very sensitive to the value of slip modulus of bolts. Figure 5b shows that the Model_6 ends at slip level less than 0.25 mm at the load of 500 kN, which shows that almost full composite action has been obtained by high-strength steel bolts in UHPC. So, which shows that the use of UHPC can impede the slip and ensure a high degree of composite action of FCHB system, which is experimentally validated by the flexural testing of an FRP truss-UHPC hybrid bridge system [34] . Also, Model_1 leads to almost 50% larger slip than Model_2 which means that the interfacial slip is very sensitive to the value of slip modulus of bolts.
hybrid bridge system [34] . Also, Model_1 leads to almost 50% larger slip than Model_2 which means that the interfacial slip is very sensitive to the value of slip modulus of bolts. Figure 6 shows that the relationship between slip at the beam end and the value of slip modulus of connectors. It can be seen that slip decreases dramatically with the increases of 2.5 kN/mm to about 25 kN/mm, and when K increases from 25 kN/mm to 100 kN/mm, the slip drops very slightly. This can be used to guide the design of FCHB system. Beam end Mid-span Figure 7 shows that the slip along the half span for different values of in Model_6. It can be seen that for low composite action ( ≤ 20 kN) design, the slip level is high because the slip close to the beam end enters the compacting stage (0.8 mm~2.5 mm). When the value of changes from 20 kN to 25 kN, the slip increases dramatically (see Figure 8) . 
Evaluation of Deflection Considering Slip Effect
The total deflection can be computed by adding the additional deflection caused by slip to the deflection without slip [35] .
where ( ) is the total deflection, ( ) is the deflection assuming that full composite action is ensured between FRP and concrete, and ( ) is the deflection caused by the slip effect.
The additional curvature due to the slip is a calculation from Equations (11) and (12) as
Therefore, the deflection of the FCHB caused by slip effect can be computed as second order integration of Equation (30). 
where δ(x) is the total deflection, δ f ull (x) is the deflection assuming that full composite action is ensured between FRP and concrete, and δ slip (x) is the deflection caused by the slip effect.
Therefore, the deflection of the FCHB caused by slip effect can be computed as second order integration of Equation (30) .
The mid-span deflection, δ slip (L/2) of the FCHB caused by slip effect for three-point bending scenario has been analytically given in [35,36] as
Herein, δ slip (L/2) is computed numerically using Equation (31) and analytically by Equation (32) . The results are given in Table 3 . It is found that with the increase of element numbers, the difference between the analytical and numerical result of δ slip (L/2) decreases. It should be noted that even using 10 elements in half span can lower the error of FDM to 0.225%. Figure 9 shows that the deflection distribution of FCHB using Model_1, Model_2, and Model_3. The deflections at the mid-span of Model_1, Model_2, and Model_3 are 0.133 mm, 0.130 mm and 0.124 mm, respectively. It is interesting to see that using these three connections leads to a difference of less than 7.1%, which means that all of these connections behave similarly in terms of deflection. The deflections at the mid-span of Model_4, Model_5, and Model_6 are 0.176 mm, 0.130 mm, and 0.125 mm, respectively. The difference between Model_5 and Model_6 is 4.04%, which means using high strength bolts is effective both for normal concrete and UHPC. Therefore, it is suggested that high strength bolts are beneficial for limiting deflection caused by slip and the UHPC is not that a significant factor.
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A similar conclusion can be drawn in Figure 11 . It can be found that in with the increase of from very low to 25 kN, mid-span deflection decreases sharply to a relatively stable value. ≥ 25 kN is suggested to be used in FCHB. Figure 10 shows the relationship between mid-span deflection considering slip effect and the value of slip modulus of connectors (K). It can be found that in with the increase of K from very low to 20 kN/mm, mid-span deflection decreases sharply to a relatively stable value. And when K decreases from 40 kN/mm to 100 kN/mm, the drop is gradual. Thus K > 40 kN/mm is suggested to be used in FCHB. A similar conclusion can be drawn in Figure 11 . It can be found that in with the increase of Q u from very low to 25 kN, mid-span deflection decreases sharply to a relatively stable value. Q u ≥ 25 kN is suggested to be used in FCHB. 
Conclusions
The interfacial load-slip model is an important material parameter for FRP-concrete hybrid beam systems. This paper presents a finite difference method based procedure to solve the problem. The following main conclusions can be drawn: 
The interfacial load-slip model is an important material parameter for FRP-concrete hybrid beam systems. This paper presents a finite difference method based procedure to solve the problem. The following main conclusions can be drawn:
(i) The finite difference method provides a numerical solution for the interfacial slip that can well agree with the analytical solution of linear load-slip relationship for connections. (ii) Higher accurateness can be obtained by using more elements. It is found that 40 elements for a half span of FCHB can lead to a small error (less than 1%). (iii) The FDM can be used for nonlinear load-slip relationship of connection. (iv) Perforated FRP rib connection, which normally has slip modulus larger than 100 kN/mm, provides nearly the full composite action. (v) The bolted connection in normal concrete leads to very high slip level, and when using UHPC as the concrete slab, the slip can be substantially reduced. And (vi) The FDM is effective and easy to be implemented using computer programs. Based on the findings in this paper, this method is recommended to predict the linear and nonlinear interfacial behavior of FRP-concrete hybrid beam. (vii) It was suggested that high strength steel bolts are effective both in normal concrete and UHPC.
Moreover, when the slip modulus is suggested to be larger than 20 kN/mm and the capacity per bolt should be larger than 20 kN.
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